Abstract. Let K(g) be the class of close-to-convex functions with respect to a starlike function g. Let F1, F2 and F3 be the subclasses of K(g), obtained by choosing g(z) as z/(1 − z), z/(1 − z 2 ) and z/(1 − z + z 2 ) respectively. In this paper, we obtain sharp upper bounds of first five initial inverse coefficients for functions in each of these classes F1, F2 and F3.
Introduction
Let A denote the class of analytic functions of the form f (z) = z + ∞ n=2 a n z n = z + a 2 z 2 + a 3 z 3 + . . . , (1.1) which are analytic in the open unit disk D = {z ∈ C : |z|< 1}. Let S be a subclass of A consisting of all univalent (one-to-one) functions in A. A function f ∈ A is said to be starlike if f maps D onto a domain which is starlike with respect to origin. The class of starlike functions in S is denoted by S * and is analytically characterized as f ∈ S * if and only if Re(zf ′ (z)/f (z)) > 0 in D. Similarly, a function f ∈ A is said to be convex if it maps D onto a domain which is convex. The class of convex functions in S is denoted by C. We say that f ∈ C if and only if Re((1 + zf ′′ (z))/f ′ (z)) > 0 in D. Further, Alexander theorem establishes a two way passage between S * and C namely, f ∈ C if and only if zf ′ (z) ∈ S * . A function f defined on D is said to be close to convex with respect to a starlike function g and with argument α ∈ (−π/2, π/2), if Re(e iα zf ′ (z)/g(z)) > 0 and the class of all such functions is denoted by K α (g). Let K(g) be the class of close to convex functions with respect to g and K α be the class of close to convex functions with argument α and are given by such that Re p(z) > 0 and this class is known as Caratheódory class. To prove our main results, we need the following results pertaining to the class P:
Lemma 1.1. [7, p.41 ] If p(z) is in P and is given by (1.2), then |c n |≤ 2 for each n.
Lemma 1.2. [7]
Let p ∈ P and is given by (1.2). Then
This inequality is sharp for the functions P t,ϑ (z) given by P t,ϑ (z) = t 1 + e iϑ z 1 − e iϑ z + (1 − t) 1 + e i2ϑ z 2 1 − e i2ϑ z 2 , 0 ≤ t ≤ 1 and 0 ≤ ϑ ≤ 2π.
Lemma 1.3. [4]
Let p ∈ P and is given by (1.2). Then where x, y, z ∈ C such that |x|≤ 1, |y|≤ 1 and |z|≤ 1.
Lemma 1.4. [6]
Let p ∈ P and is given by (1.2). Then is a Caratheódary function if t ∈ [0, 1/2] and |β|= 1, we make use of it to find the extremal functions needed for sharp bounds. Let the inverse of f (z) defined on a disk of radius atleast 1/4 has a series expansion of the form
δ n w n = w + δ 2 w 2 + δ 3 w 3 + · · · .
(1.4)
Since z = f −1 (w), we have from (1.1)
Comparing the coefficients on both sides of (1.5) after replacing the value of f −1 (w) given in (1.4), we obtain the following relations: δ 4 = 5a 2 a 3 − 5a 3 2 − a 4 (1.8)
In 1982, Libera and Z lotkiewicz [6] derived the bounds for the magnitude of the first seven inverse coefficients δ k (k = 2, 3...7) of the functions in C. Later in 1984, they estimated the bounds for first six inverse coefficients of the functions, whose derivative belongs to P [5] . In 1989, Silverman estimated the bounds of inverse coefficients for starlike functions (see [12] ). Similar work has been carried out for various other classes such as class of starlike functions of positive order [3] , spirallike functions [14] , starlike functions represented by symmetric gap series [13] and strongly starlike functions [1] . In the present paper, we consider three extensively studied ( [9] , [10] , [8] ) subclasses of close to convex functions defined as follows:
It is pertinent to mention here that Ponnusamy et al. discussed the region of variability for these three classes in [9] and [10] . Further Ponnusamy et al. [8] generalized the classes F 1 and F 2 to a class of harmonic close to convex functions defined on D. In [11] , Kumar and Vasudevarao estimated the bounds of first three logarithmic coefficients of functions belonging to these three classes. However, in the present investigation, we try to find sharp upper bounds of the first five consecutive inverse coefficients for functions in each of these classes F 1 , F 2 and F 3 . Although the fifth inverse coefficient bound obtained here was not sharp for functions in F 2 , but the range in which the sharp bound lies is also pointed out.
Main Results
Let f (z) be given by (1.1) and belongs to K 0 . Then we have
where g is a starlike function defined as
In view of (2.1), there exists p ∈ P, with power series representation given by (1.2), such that
which implies
Upon equating the like term coefficients on either side of (2.4), we get
(2.8) Using (2.5)-(2.8) in (1.6)-(1.9), we get the following δ i 's in terms of b i 's and c i 's:
Applying triangle inequality in (2.9), we obtain
In a similar way, using triangle inequality in (2.10) and applying Lemma.1.2, we get
(2.14)
Let c 1 = pe iα and q = cos α such that 0 ≤ p ≤ 2 and 0 ≤ α ≤ 2π. Now, we rewrite (2.14) in terms of p and q as follows:
An application of Lemma.1.3 to (2.11), yields
Assume that b i 's are all real and replace c 1 by c, where 0 ≤ c ≤ 2. Further, let x = re iθ with d = cos θ such that 0 ≤ r ≤ 1 and 0 ≤ θ ≤ 2π. Now, applying triangle inequality in (2.16), we obtain 48|δ
where
These bounds are sharp.
Proof. (i) Let f ∈ F 1 . Since f is close to convex function with respect to the starlike function z/(1 − z), from (2.3) we have We know that this inequality is sharp, whenever |c 1 |= 2 which is true for the function P 1,ϑ (z) (0 ≤ ϑ ≤ 2π) given in Lemma 1.2. The inequality |δ 2 |≤ 3/2 is sharp since there exists an extremal functionf 1 ∈ F 1 , which is a solution of zf
(ii) By taking b 2 = b 3 = 1 in (2.15), we get
which can be written as
, we need to find the points where φ 1 (p, q) attains its maximum. A simple computation shows that there exists no solution of
in R × R. Thus, the maximum value of φ 1 (p, q) is not attained inside D. Now, we consider the edges of D in order to find the maximum of φ 1 (p, q). On the line segment p = 0, φ 1 (0, q) = 5/2. On the line segment p = 2, φ 1 (2, q) = 8q 2 + 36q + 113/4, which is an increasing function for q ∈ [−1, 1]. Thus max q∈[−1,1] φ 1 (2, q) = φ 1 (2, 1) = 17/2. On the line segment q = −1, φ 1 (p, −1) = 2 − p 2 /2 + |1/2 − 2p + p 2 | which further reduces into two cases. By using elementary calculus, we obtain that max p∈[0,2] φ 1 (p, −1) = φ 1 (0, −1) = 5/2. On the line segment q = 1, φ 1 (p, 1) = 5/2 + p 2 /2 + 2p, which is an increasing function for p ∈ [0, 2]. Thus max p∈[0,2] φ 1 (p, 1) = φ 1 (2, 1) = 17/2. Hence the maximum value of φ 1 (p, q) is attained at (2, 1) and is equal to 17/2. Thus |δ 3 |≤ 17/6. The inequality |δ 3 |≤ 17/6 is sharp since there exists an extremal functionf 1 ∈ F 1 , which is a solution of zf
It is sufficient to find the points in the rectangular cube
, where the maximum value of Q(c, r, d) is attained. In order to find maximum in the interior of K, we try to find the points where
It is easy to note that ∂Q(c, r, d)/∂d = 0 implies
Upon substituting the above value of d in ∂Q(c, r, d)/∂r = 0, we arrive at no real valued solution of the equations stated in (2.22). That is, there exist no solution inside the cuboid K. Now, we find the maximum of Q(c, r, d) on the six faces of K. On the rectangular face c = 0, we have
A simple calculation shows that (0, 0) is the only solution of the system
Thus, we can say that the maximum value is not attained in the interior of the face c = 0. Now we consider the face c = 2. Then we have Q(2, r, d) = 294 and clearly
On the square face r = 0, we have Q(c, 0, d) = 13c 3 + 30c 2 + 22c + 26 which is clearly an increasing function of c, where c ∈ (0, 2). Thus, we have
On the square face r = 1, we have
It is easy to verify that ∂Q(c, 1, d)/∂d = 0 implies
A simple calculation reveals that ∂Q(c, 1, d)/∂c = 0 implies
Upon substituting (2.23) in (2.24) and simplifying, we have
where ξ(c) =1950c
The numerical solution of (2.25) in the range (0, 2) is c ≈ 0.105407. Substituting this value in (2.23), we obtain d ≈ −8.97501, but d ∈ (−1, 1). Therefore, there exists no solution of 
which can be written as 
Now let us assume The above inequality is sharp since there exists an extremal functionk 1 ∈ F 1 , which is a solution of zk ′ 1 (z) = z(1 − z) −1 P 1,0 (z).
Except (iv) rest all above bounds are sharp.
Proof. (i) Let f ∈ F 2 . Since f is close to convex function with respect to the starlike function z/(1 − z 2 ), we have 
We know that this inequality is sharp, whenever |c 1 |= 2 which is true for the function P 1,ϑ (z) (0 ≤ ϑ < 2π) given in Lemma 1.2. The upper bound of |δ 2 | is sharp since there exists an extremal functionf 2 ∈ F 2 , which is the solution of zf
(ii) By taking b 2 = 0 and b 3 = 1 in (2.10), we get
Now using Lemma 1.3 and applying the triangle inequality, we obtain
For the sake of convenience, we shall take c 1 = c and |x|= r. Now we have to find the maximum of φ 2 (c, r) := |2c 2 − 2|+r(4 − c 2 ), whenever 0 ≤ c ≤ 2 and 0 ≤ r ≤ 1. If 0 ≤ c < 1, then φ 2 (c, r) = 2 − 2c 2 + r(4 − c 2 ) attains its maximum value 6 at (0, 1). Further, if 1 < c ≤ 2, then φ 2 (c, r) = 2c 2 − 2 + r(4 − c 2 ) attains its maximum value 6 at (2, r). Clearly at c = 1, we have φ 2 (1, r) = 3r, which obviously attains its maximum value 3 at r = 1. Hence max r∈[0,1],c∈[0,2] φ 2 (c, r) = 6 and therefore |δ 3 |≤ 1. The upper bound of |δ 3 | is sharp since there exists an extremal functionf 2 ∈ F 2 , which is the solution of zf ′ 2 (z) = (z/(1 − z 2 ))P 0,0 (z).
(iii) Upon substituting b 2 = 0, b 3 = 1 and b 4 = 0 in (2.17), we get 
It is easy to verify that ∂G(c, 1, d)/∂d = 0 implies In view of all above, we obtain |δ 4 |≤ 16/3 √ 15. It may be verified that a function h(z) ∈ P for which c 1 = 96/90, c 2 = 2 and c 3 = 96/90, then it can be written as h(z) = H t 0 ,−1 where 
(2.54)
Now applying triangle inequality, we get 
Taking x = re iθ with d = cos θ such that 0 ≤ r ≤ 1 and 0 ≤ θ ≤ 2π, we may write These all bounds are sharp.
Proof. (i) Let f ∈ F 3 . Since f is close to convex function with respect to the starlike function z/(1 − z + z 2 ), from (2.3) we have (2.60) We know that this inequality is sharp whenever |c 1 |= 2, which is true for the function P 1,ϑ (z) (0 ≤ ϑ < 2π), defined in Lemma 1.2. The inequality |δ 2 |≤ 3/2 is sharp since there exists an extremal functionf 3 ∈ F 3 , which is a solution of zf
(ii) By taking b 2 = 1 and b 3 = 0 in (2.15), we get
In the domain D = {(p, q) : 0 ≤ p ≤ 2, −1 ≤ q ≤ 1}, we need to find the points where φ 3 (p, q) attains its maximum. A simple computation shows that the only solution of ∂φ 3 (p, q) ∂p = 0 and ∂φ 3 (p, q) ∂q = 0 in R × R is (0,0). Thus, the maximum value of φ 3 (p, q) is not attained inside D. Now, we consider the edges of D to find the maximum of φ 3 (p, q). On the line segment p = 0, φ 3 (0, q) = 7/2. On the line segment p = 2, φ 3 (2, q) = (11/2 + 4q) 2 − 8(1 − q 2 ) which is a decreasing function of q, whenever −1 ≤ q < −11/12 and thus maximum value is attained at q = −1. Similarly, φ 3 (2, q) is an increasing function of q, whenever −11/12 < q ≤ 1 and thus maximum value is attained at q = 1. 
It is easy to verify that ∂N (c, 1, d)/∂d = 0 implies (1 − r 2 ) + |18 − 56r|, which is a decreasing function of r, whenever r ∈ (0, 9/28) and therefore, attains its maximum value 42 at r = 0. Similarly N (0, r, 1) = 6+56r−24r 2 , which is an increasing function of r, whenever r ∈ (9/28, 1) and therefore, attains its maximum value 38 at r = 1. Clearly at r = 9/28, we have N (0, 9/28, 1) = 2109/98. Combining the above three cases, we have max r∈ [0, 1] 
